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The bounded one-dimensional multibarrier potential shows signs of chaos, phase tran-
sition and a transmission probability of unity for certain values of its total length L
and the ratio c of total interval to total width. Like the infinite Kronig—Penney system,
which is arranged along the whole spatial region, the bounded multibarrier potential
has a band-gap structure in its energy spectrum. But unlike the Kronig—Penney system,
in which the gaps disappear for large energies, these gaps do not disappear for certain
values of L and c. The energy is discontinuous even in parts of the spectrum with no
gaps at all. These results imply that the energy spectrum of the bounded multibarrier
system is singular.

KEY WORDS: band-gap structure; multibarrier potential; singular spectrum.

1. INTRODUCTION

It is known that the Kronig—Penney multibarrier system (Merzbacher, 1961;
Tannoudji et al., 1977) which is arranged along the whole spatial region is charac-
terized by an energy spectrum which is composed of continuous bands separated
by forbidden gaps (Merzbacher, 1961; Tannoudji et al., 1977; Kittel, 1966). The
larger are the values of the energies the shorter these gaps become until they
entirely disappear for large enough energies (Merzbacher, 1961; Tannoudji ef al.,
1977; Kittel, 1966). It is also known (Merzbacher, 1961) that the gaps in the energy
spectrum of the infinite Kronig—Penney system are related (Merzbacher, 1961) to
the eigenvalues A of the characteristic equation which is associated with the two
dimensional transfer matrix that relates the transmission and reflection coefficients
of any two neighbouring barriers. The limits (lim,_, +o A’L) are taken when the
related potential barriers are separated from each other by a very large number
n of other similar barriers. Thus, if either of these limits becomes very large, in
which case the resulting wave function does not remain finite, the corresponding
energies are disallowed (Merzbacher, 1961) and these constitute the gaps of the
energy spectrum.
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The former problems which are associated with the infinite Kronig—Penney
system do not arise in the bounded multibarrier system discussed here. This is
because although the number of barriers is very large, as for the Kronig—Penney
system, nevertheless the finite extent of the system enables one to analytically
express in explicit form (Bar and Horwitz, 2002a,c) the total transfer matrix
that relates the two barriers at the two extreme sides of the system. Thus, the
characteristic equation and the corresponding eigenvalues of this overall transfer
matrix have also been found (Bar and Horwitz, 2002b) in exact closed forms.
From the latter one may construct the appropriate energy spectrum for both cases
of E > V and E < V where E is the energy and V the constant height of all the
barriers.

An important parameter which will be constantly referred to in this work is
related to the mentioned eigenvalues A1 and is the variable over which the energy
E is plotted (see, for example, Fig. 6.6 in Merzbacher (1961) and the seven figures
here). This parameter is denoted « here and is defined by the first of the following
Eq. (8) (see also Egs. (9) and (10)). We show in the following that there are no
allowed energies that correspond to certain values of the total length L of the
system and the ratio c of its total interval to total width. Moreover, in contrast to
the Kronig—Penney system in which the gaps in the energy spectrum disappear
(Merzbacher, 1961) for either large values of the energy E or (and) large values of
the parameter « (Merzbacher, 1961) the case here is different. This is because, as
will be shown in Sections 3 and 4, the gaps in the energy spectrum of the bounded
one-dimensional multibarrier system do not disappear for certain values of L and
¢ even for large E or (and) large k. We also show that the energy E depends
upon the total length L and the ratio ¢ in such a manner that its form, as function
of «, is quasi-periodic for small ¢ and large (or intermediate) values of L and is
proportional to k for all ¢ > 3. It will also be shown that the energy spectrum
is discontinuous at many of its points even at the parts at which it has no gaps
at all.

In Section 2, we introduce the terminology and terms (Bar and Horwitz,
2002a) that describe the bounded multibarrier potential. In Section 3, we discuss
the energy spectrum for the £ > V case and find the values of the parameter « for
which no corresponding energies are found. That is, we find the band-gap structure
of it. We also show the remarked discontinuity in E as function of «. In Section 4,
we repeat the whole process for the £ < V case and summarize in Table I the
allowed energies for both cases of £ > V and E < V. In Section 5, we show that
the occurence of stable gaps in its energy spectrum together with other previously
shown (Bar and Horwitz, 2002a,b,c) properties of it, imply that the bounded
multibarrier potential is a singular system (Reed and Simon, 1979; Grossmann
et al., 1980; Pearson, 1978; Avron et al., 1994; Demkov and Ostrovskii, 1988;
Jitomirskaya and Last, 1996; Carmona and Lacroix, 1990). We conclude with a
brief summary in Section 6.
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2. THE BOUNDED ONE-DIMENSIONAL MULTIBARRIER POTENTIAL

We consider a bounded one-dimensional system of N barriers assumed to
have the same height V for all of them and to be uniformly arrayed between the
point x = —“2 and x = “2. Thus, the total length of the system is L = a + b
where a denotes the total w1dth of all the N barriers (where the potential V £ 0),
and b is the total sum of all the intervals between neighbouring barriers (where

= 0). That is, in a system of N barriers the width of each one is 4, and the
mterval between each two neighbours is . Writing b as b = ac, where c is a
real number, we can express a and b in terms of L and ¢ as (Bar and Horwitz,

2002a)

L b Lc

I T 14c

We consider the passage of a plane wave through this system, which has the
form ¢ = Age™* + Bye ™** where x < —%t2. Matching boundary conditions at
the beginning and end of each barrier, we may construct a solution in terms of the
transfer matrix (Merzbacher, 1961; Tannoudji et al., 1977; Yu, 1990) PY on the
Jj-th barrier. Thus, using the terminology in (Merzbacher, 1961), we obtain after
the n-th barrier the following transfer matrices equation (Bar and Horwitz, 2002a)

At ] _ pwpun . popo | 40| _p | A0 ) 2)
Bonyi By By

where A, and By,4 are the amplitudes of the transmitted and reflected parts
(Bar and Horwitz, 2002a) respectively of the wave function at the n-th barrier. A
is the coefficient of the initial wave that approaches the potential barrier system,
and By is the coefficient of the reflected wave from the first barrier. P is the total
transfer matrix over the system of n barriers and is given for the £ > V case in
the limit of very large n by Bar and Horwitz (2002a)

6]

- <cos b+if s1n(¢)> g smqu))
Pesv = . (3)
2 sin(¢) <cos 6—if s1n(¢>))
¢
The parameters f, d, z and ¢ are expressed as (Bar and Horwitz, 2002a)
f =kb+aq§, d:aqg, i=kla+b), d=+vP-d @&

where k, g, £ and n are (Bar and Horwitz, 2002a)
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It is shown (Bar and Horwitz, 2002a) that P is given for the E < V case and
in the same limit of very large n by

it (cos 4 LSD) o dsin@)
¢ ¢
Peev=| . ®
. dsin(@) ol Fsin@)
ie < e“|cosp —i <
¢ ¢

where the parameters f, d and ¢ are now

N aqn 5 _aqg§ [
f:kb_T, dZT, ¢ =+/f2—d?, @)

k is the same as for the E > V case and g = ,/ 2"’(‘;; E) In the numerical part
of this work we follow the convention in the literature that assigns to # and m
the values of 1 and 1/2 respectively. Defining, as in Bar and Horwitz (2002b), the
parameters « and T

COS(¢)+ifSin(¢) 42 sin?
_ G oy L)

—, 2
\/cosz(¢) 4 L) 5;22@) ¢

one may obtain the eigenvalues of either the matrix of Eq. (3) for the E > V case
or of the matrix (6) for £ < V in the form

ik

®)

Ao = Tcos(p — k) £ /12 cos2(Pp — k) — 1 )

The eigenvalues of the E > V case are obtained by substituting the ¢ and
f from Eq. (4) and those of the E < V case by substituting the corresponding
quantities from Eq. (7).

We, now, show that, unlike the infinite Kronig—Penney system (Merzbacher,
1961; Tannoudji et al., 1977; Kittel, 1966) that have no finite total length L and no
finite ratio c, the energy spectrum of the bounded multibarrier potential depends
critically upon L and c. We first take the real components of both sides of the
first of Eq. (8) and divide the numerator and denominator of its right-hand side by

cos(¢)

1
cos(k) = e TS (10)
1+ / t;i;; @)

We note that the last equation is valid for both cases of E > V and E < V
except that one should substitute the appropriate f and ¢ from Eq. (4) for the
E > V case (as we do in next section) or f and ¢ from Eq. (7) for E < V as done
in Section 4.
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3. THE BAND-GAP STRUCTURE OF THE FINITE
MULTIBARRIER SYSTEM FOR THE E > V CASE

We, now, consider the £ > V case and substitute in Eq. (10) the appropriate
f,d, ¢,k and g from Eqgs. (4) and (5) to obtain

1

cos(k) =

\/ (14 sy ) @2(E(@ + b)? = V(@ + ab))

1
= 1)

v? v
\/1 + (1 + 4E(1+c)(E(1+c)—V)) tan® (L2 (E — m))
The last result was obtained by expressing a and b in terms of L and ¢
according to Eq. (1). Squaring both sides of the last equation one obtains
1

1 + (1 + WM) tan2 (L2 (E — %))

From Eq. (12) we see that for all values of « that cause cos?(k) on its left-
hand side to vanish one must have corresponding values of L*(E — I—KC) that

cos’(k) = (12)

cause tan’*(L*(E — ILJFC)) on its right-hand side to become very large. That is, for

=+ (N =0, 1,2,3,...) one musthave LA(E — $2) = @HDT (N =

0,1,2,3,...). Note that since E, V and c are positive the expression LYE — I—KC)
for the E > V case is positive. Thus, the appropriate values of the energies E that
correspond to the remarked values of k are E = % + 1—L That is, from the
last expression for £ and from the condition £ > V we find that there are allowed
energies only for those values of the total length L and the ratio c that satisfy the

inequality
Q2N + DA + o)
2cL?
That is, the energies that correspond to k = :I:QN#, (N=0,1,2,3,..))
depend upon the total length L of the system and the ratio ¢ of its total interval to

total width. For all other values of ¥ we may take the reciprocals of both sides of
Eq. (12) and subtract 1 from the resulting expressions to obtain

V2 74
2 _ 2 2 _
tan” (k) = (l + 4E(1 4+ c)E(1 +¢) — V)>tam (L <E 1+c>> (14)

We note that exactly the same equations as those of (12) and (14) are obtained
also for the E < V case except that we use, as remarked, the f and ¢ from Eq. (7)

with ¢ = v2m(V — E)/ h? (where, for numerical purposes, we assign, as noted,

>V, N=012,... (13)
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h=1,andm = %). From Eq. (14) we may find the energies which correspond to
the values of « that cause tan?(x) on its left-hand side to vanish. These «’s are K =
+Nx,(N =0,1,2,3,...)sousing Eq. (14) and the positiveness of L2(E - —

1+c
we have L*(E — : +C) = Nz from which one obtains E = 1{? + - From the
last expression for E and from E > V we find that there are allowed energles that
correspond to k = £Nmw, (N =0,1,2,3,...) only for those values of L and ¢

that satisfy

N( + o)

5 >V, N=0,1,2,... (15)
C

That is, as for the case of the inequality (13), the energies that correspond to
Kk ==xNm,(N =0,1,2,3,...)depend upon the total length L of the system and
the ratio c of its total interval to total width. Note that although L?(E — : _H) =0
corresponds also to the former values of « that result in tan?(x) = 0 there is no
value of the energy E, for the E > V case, that corresponds to L2(E — : +() =0.
which, for positive

. . 2 V _ .
This is because from L“(E — m) = 0 one obtains £ = — +

¢, does not conformto E > V.

Now, as may be seen from Eq. (14), the dependence of the allowed energies
upon L, ¢ and N is not restricted only to these values of E that correspond to
K = iw ortoxk =*xNmx,(N =0,1,2,3,...). Moreover, as will be shown
in the following, the form of the allowed energy, as function of «, depends in a
peculiar manner upon the ratio c¢. That is, if ¢ is small, say 0 < ¢ < 3, then the
expression that multiplies tan?(L?(E — %)) on the right-hand side of Eq. (14) is
larger than unity and the solution of it for the allowed energy E as function of «
can be obtained only numerically. In such case we find, as shown in the following,
that these E’s change periodically with k. If, on the other hand, ¢ > 3 then the
expression that multiply tan?(L2(E — %)) on the right-hand side of Eq. (14) is
very close to unity. For example, for c = 3 and E &~ V this expression equals
1.020 and it tends fastly to unity for values of ¢ > 3 or/and E > V. Thus, for
¢ > 3 we may safely approximate Eq. (14) as

tan’(x) ~ tan’ <L2 <E —7 L*)) , (16)

from which we obtain tan(L2(E — e Y ))y = + tan(k). The last equation results in
L2(E — %) =Nnm+«k, (N=0,1,2,3,...) from which we have

_N?T:I:K+ 1%
T2 1+¢

. (N=0,1,2,3,..)) (17)

As seen from Eq. (17) not all values of N & « are suitable for the £ > V

case but only those that satisfy (Nm £ k) > ‘;TC‘ For example, for V=L =15
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and ¢ = 3 the permissible values of Nx + « that have corresponding energies are
only those that satisfy (Nw £ k) > 2531.25.

For other values of ¢ from the range 0 < ¢ < 3 the expression that multiplies
tan?(L%(E — %)) on the right-hand side of Eq. (14) is, as remarked, larger than
unity for the £ > V case and one must resort to numerical methods for solving
Eq. (14) for E as function of . In this case the obtained energies are quasi-
periodic where the character and form of the quasi-period depend upon the total
length L of the system and the ratio ¢ of its total interval to total width. We have
emphasized the word quasiperiod since as one may realize from a close scrutiny
of the appended figures the forms of the energy as functions of « are not exactly
repeated over the x axis but differ in the small details. It is also shown for both
cases of £ > V and E < V that the quasi-periodic character of the energy as
function of ¥ emerges only for values of E that are close to the potential V (close
from below for the £ < V case and from above for £ > V). For example, for
E > V and V = 15 the corresponding energy is found to vary in almost periodic
manner only between E = 15.5 and E = 19.5. This is because for higher values
of E the expression that multiplies the tangent function on the right-hand side of
Eq. (14) tends to unity even for very small values of c. In such case the situation is
the same as that formerly found for large ¢ (¢ > 3) where the appropriate equation
to use is (16) which leads to the linear expression (17) for the energy as function
of k. For values of E that are close to the potential V one may obtain not only the
remarked quasi-periodic forms of the energy as function of « but for very small ¢
the allowed energies become constant as demonstrated by the horizontal lines in
Figs. 1 and 2. This is because for E ~ v and ¢ & 0 the right-hand side of Eq. (14)
becomes the indeterminate form 0/0, so using L’hospital theorem (Pipes, 1958)
we obtain for it the value of 1. In such case the value of E ~ V does not change
with «.

The quasi-periodic nature of the energy as function of k is demonstrated
for small ¢ in the form of half squares as seen from Fig. 1 which shows nine
different curves of E from Eq. (14) as function of «. All the nine curves are
drawn for the same values of V = 15 and L = 100 but for nine different values
of theratioc =0.2 xn, (n = 1,2,3,...,9). The different graphs in this figure
and in Figs. 2 and 3 correspond to the values of ¢ in a such a manner that the
curves with the most pronounced half squares, which are shown at the upper part
of these figures, fit the lower values of c¢. The curves which are characterized
by a short and flat half squares, which are generally located at the lower parts
of these figures, correspond to the higher values of c. The horizontal lines at
the bottom of Figs. 1 and 2 correspond, as remarked, to the constant value of the
energy E &~ V. The remarked correspondence between the graphs of E and the
appropriate ¢’s, by which the graphs at the upper part of the figure fit the lower c’s
and those at the lower part of it fit the higher c’s, applies also for the E < V case in
Figs. 4-6.
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Fig. 1. The nine graphs of this figure, which show the energy E from Eq. (14) as function of «,
are all drawn for the same values of V = 15 and L = 100 and for nine different values of the ratio
c=02xn,(n=1,2,...9). The curves that have pronounced half squares at the higher part of
the figure fit the lower values of ¢ and those that have short and flat half squares at the lower part
belong to the higher ¢’s. The horizontal line at the bottom corresponds to the constant value of the
energy obtained at E &~ V. Each quasi-periodic half square is connected at its two sides by short
horizontal linear sections. One may clearly see that the energy is discontinuous and undifferentiable
at the vertical sides of each half square.

As seen from Fig. 1 any two neighbouring half squares are connected to each
other by short horizontal lines where the energy is clearly discontinuous at the
connecting points. That is, at these points the energy jumps in a discontinuous
manner to form the squared parts where the smaller is ¢ the larger are the corre-
sponding jumps as may be seen at the higher part of the figure. For growing c the
jumps become smaller and the corresponding half squares shorter as seen at the
lower part of Fig. 1. One may also realize that for the large value of L used in
this figure the 9 different curves are shown mixed inside each other between the
two values of E =~ 15.3 and E ~ 17.8. Plotting the energies E as functions of «
for additional larger values of ¢, while keeping the same L as before, add more
periodic forms (not shown) that are arrayed inside the formers between the same
two limits of Fig. 1.
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20

Fig. 2. The nine graphs in this figure, which show the energy E from Eq. (14) as function of «, are
drawn under exactly the same conditions as those of Fig. 1 except that now L = 5. One may see that
the graphs are now separated from each other, especially those at the higher part of the figure which
are clearly detached from the lower three graphs. Note that each half square, especially at the higher
part of the figure, is discontinuous at several points and not only at its two sides (compare with Fig. 1).
The horizontal line at the bottom corresponds to the constant value E ~ V.

We must note that taking into account the periodic character of the tangent
function we can rewrite Eq. (14) in its most general form as

V2
tanz(/c +Nm)=(1+
4E(1+c)(E(1+c)—V)
2 Vv N
X tan“ | L | E — + Nm |, (18)
14+c¢
where N, N =0, 1,2, .. .. Since the parameter L occurs only under the rangent

function at the right-hand side of Eq. (18) we may numerically solve it for E and
find the same quasi-periodic dependence upon « for different values of L. For
example, Fig. 4, which was drawn for L = 30 may be obtained in almost the same
form also for L = 110. Figs. 1-6 of this work are obtained from the equivalent
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Fig. 3. In this figure, which is composed as in Figs. 1 and 2 of nine graphs of the energy E as function
of k, the total length L is further decreased for all the graphs to L = 0.3. The values of V and ¢ remain
as in Figs. 1 and 2. Note that this additional decrease of L causes the almost periodic half squares to
be narrower, more curved and arranged separately from each other compared to Figs. 1 and 2.

Eq. (14) in which N, N = 0. Note that for very small L one may approximate the
tangent function at the right-hand side of Eq. (14) by L*(E — %) and numerically
solves the resulting equation for E as function of k. The spectrum obtained is
shown in Fig. 3 for the £ > V case and in Figs. 6 and 7 for £ < V.

As L decreases the different curves begin to be separated from each other
and to occupy different sections of the ordinate axis. This is shown in Figs. 2 and
3 which are drawn under exactly the same conditions and for the same values of
V and c as in Fig. 1 except that now L assumes the values of L = 5 for the curves
of Fig. 2 and L = 0.3 for those of Fig. 3. The highest half squares of Fig. 2 are
drawn around the value of E = 19.6 and those of Fig. 3 around E = 29. Note
that the half squares of Fig. 2 are each connected to the horizontal linear sections
at more than two points (compare with Fig. 1). This is especially demonstrated
in the curves at the higher part of Fig. 2 which correspond to the smaller values
of c. Also, as in Fig. 1 the discontinuous jumps in the energy are larger for the
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Fig. 4. The 14 graphs of this figure show the energy E from Eq. (14) as function of « for the same
V =15 and L = 30 but 14 different values of c = 0.2 x n, (n = 1, 2, ..., 14). The allowed energies
are found in the range % < E < V. The graphs fit the values of ¢ in an inverted order, that is, the
higher ¢’s correspond to the lower curves of the figure and vice versa. Note that for this value of
L = 30 the almost periodic half squares are large and separated for the smaller ¢’s at the higher part of
the figure while they become narrow, flat and mixed among themselves for the larger ¢’s at the lower
part of it.

curves that correspond to small ¢’s at the upper part of Fig. 2 and smaller for the
larger c’s at the lower part of it. The almost periodic curves of Fig. 3 which are all
drawn for the value of L = 0.3 are seen to be rather curved than squared and the
points at which the energy jumps to form the pronounced parts of it are two for
each quasi-period as in Fig. 1. Also, the larger is the value of c at the lower part
of Fig. 3 the smaller become the corresponding jumps of E.

4. THE BAND-GAP STRUCTURE OF THE FINITE
MULTIBARRIER SYSTEM FOR THE E < V CASE

We, now, discuss the E < V case and begin from Eq. (12) which is valid, as
remarked, also for this case. We first find the allowed energies which correspond
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Fig. 5. All the 14 graphs of this figure, which show the energy E from Eq. (14) as function of «, are
drawn for the same V = 15 and the same values of c = 0.2 x n, (n = 1, 2, ..., 14) as those of Fig. 4
but for the lower value of L = 5. As for Fig. 4 the curves fit the values of ¢ in descending order so
that the lower values of ¢ correspond to the curves at the higher part of the figure and the higher ¢’s
fit the curves at the lower part of it. Note that the quasi-periodic squared sections are less pronounced
compared to those of Fig. 4 and they become almost horizontal lines for the higher ¢’s at the lower
graphs.

to the values of « that cause the left-hand side of Eq. (12) to vanish, that is,
to Kk = im, (N=0,1,2,3,...). As for the E > V case these energies
are £ = i% % but now we consider also the E’s which correspond
to negative values of x so long as this does not cause the energies to become
negative. That is, considering the negative values of ¥ we obtain from the last

inline equation for E and from E > O that L, ¢ and V should be related by the
inequality % < % in which case L could not be very small. Thus, taking

into account both positive and negative values of x and the condition £ < V we
see that there exist allowed energies only for those values of L and ¢ which satisfy
Q2N+ 1A + o)

+ Vv, (N=0,12,... 19
E <V, ) (19)
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Fig. 6. The 14 graphs of this figure, which show the energy E as function of «, are drawn under
exactly the same conditions and the same V and c’s as those of Figs. 4 and 5 except that now L is
decreased to the value of L = 0.8. Note that the curves become almost horizontal lines and this is
further emphasized for the higher values of ¢ in the lower graphs of the figure. Also, one may see that
the discontinuity encountered for the larger values of L in Figs. 4 and 5 is now less pronounced.

In order to satisfy the last inequality for the case in which the minus sign at
the left-hand side is considered the parameters L, ¢ and V must also be related, as
remarked, by % < % Comparing inequality (19) with that of (13) we see, as
for the E > V case, that the allowed energies which correspond to k = i%,
(N =0,1,2,3,...) critically depend upon the values of the total length L and
the ratio c. Note that whereas in the £ > V case there are no allowed energies
for the very large values of either L or ¢ (or both, see inequality (13)), here, when
considering the plus sign at the left-hand side of (19), we find no such allowed
energies for the very small values of either L or ¢ (or both).

We, now, find the allowed energies that correspond to the values of  that cause
the left-hand side of Eq. (14) to vanish, thatis,tox = =Nz, (N =0,1,2,3,...).
These energies are found, as for the E > V case, from L* (E — %) = +Nx and

are £ = :I:% + 1L+C Using the former discussion at the beginning of this section
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Fig. 7. This figure shows the form of the energy E, for the E < V case as function of «, for the same
V = 15 and the same values of c = 0.2 x n,n = 1, 2,3, ..., 14 as those of Figs. 4-6 except that now
L is further decreased to the value of L = 0.278. As seen, the allowed energies are represented by the
vertical lines between E = 5 and E = 15 where the thick lines signify that several lines are identical
and are drawn tangent to each other. One may realize that the gaps for this small L are repeated over
the whole positive k axis and do not vanish for any value of it.

we conclude that we may consider also negative «’s so long as % < % in which
case L could not be very small. Thus, considering both positive and negative
values of ¥ and the E < V condition we find that there are allowed energies that

correspond to k = £=Nm, (N =0, 1,2,3,...) only for L and ¢ which satisfy

n N + o)
cL?

In order to satisfy the last inequality for the case in which the minus sign at
its left-hand side is considered the parameters L, ¢ and V must be related also
by 5% < L. Comparing inequality (20) with that of (15), which refers to the
E > V case, we find a result analogous to that formerly found from comparing the
inequalities (13) and (19). That is, considering the plus sign at the left-hand side
of (20), one may realize that for very small values of either L or ¢ or both of them

<V, (N=0,12,..) (20)



Band-Gap Structure and Singular Character 1295

there are no allowed energies that correspond to k = +Nm, (N =0,1,2,...).
This is to be compared to the corresponding E > V case and the inequality (15)
from which one finds that there are no allowed energies for the very large values
of either L or c or both of them.

As realized from Eq. (14), which is valid also for the E < V case, the
dependence of the allowed energies upon L and c is not restricted only to these
values that correspond to x = iw ortoxk =xNmx, (N=0,1,2,3,...).
Thus, one may find also the energies that correspond to other values of « but in
this case we have first to exclude those values of E that cause the expression that
multiply tan>(L*(E — %)) on the right-hand side of Eq. (14) to become negative.
Otherwise, the right-hand side of Eq. (14) would be negative whereas its left-hand
side is positive. Thus, the allowed energies are those that satisfy

V2

> —1 21
AE(1+c)E(1+c)—V)
The last inequality results in
1% V2
E’—E + >0, (22)

l+c @ 4(1+c)?

from which one may conclude that the allowed energies of the bounded multibar-
rier system for the £ < V case should be only those which satisfy the inequality

Vv
V>E>1 (23)

+c

Thus, the energies that correspond to « # iw and k¥ # £Nn should
belong to the range V > E > I—L which means that for very small values of ¢
there are no allowed values of E at all. For not very small c the energies are found
by discussing, as in the E > V case, the two cases of large and small c. That
is, for values of E that are close to V (but always E < V) the expression which
multiplies tan?(L*(E — %)) on the right-hand side of Eq. (14) tends to unity
for ¢ > 3. In such case we may use, as in the E > V case, the simpler Eq. (16)
which results with the expression (17) for the allowed energies. But now since,
as remarked, E satisfies V > E > 1L+c there are corresponding energies only for
O0< Ntk < %, (N =0,1,2,...). Thus, using Eq. (17), which is valid also
forthe E < V case, we find that the energies which correspond to ¢ > 3 and which
are close from below to V are allowed only for «, ¢, L and V that are related by

I+oNr £x)
—_—_—m— <
L?c
For values of ¢ from the range 0 < ¢ < 3 and for energies that are not close

to V we use the full Equation (14) which necessitates numerical methods for
solving it for E as function of «. It is found, as in the E > V case, that the

Vv (24)
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required energies are either quasi-periodic or constant. The constant energies
are demonstrated by horizontal lines and appear when E assumes the value of

~ % In this case the right-hand side of Eq. (14) assumes the indeterminate
form 0/0 so using L’hospital theorem (Pipes, 1958) it becomes unity for all values
of k. The analogous cases discussed in the former section for £ > V have resulted
in finding constant horizontal lines for E ~ v.

Each of the following three Figs. 4-6 shows 14 different graphs of the
energy E as function of « for the same value of v = 15 and for ¢ = 0.2 x n,
n=1,23,...,14. As for Figs. 1-3 the 14 curves in each figure of the set 4—6
fit the 14 values of ¢ in an inverted order. That is, the highest value of c fits the
lowest curve in each figure and the second value of ¢ from above corresponds to
the second curve from below in each figure and so forth. The 14 graphs of Fig. 4
are all drawn for the value of L = 30 and one may see how the energy, in the
form of half squares, changes almost periodically with «. As for the E > V case
the forms of the energy are not exactly periodic along the « axis. One may also
realize that the most pronounced half squares are obtained for the smallest value
assumed here for ¢ (¢ = 0.2). Each half square is connected at its two sides to its
neighbours by horizontal lines where, as for the E > V case, the energy jumps at
the connecting points in a discontinuous manner. Note that the larger is ¢ at the
lower part of the figure the longer become the connecting horizontal lines between
the half squares which become shorter and narrower.

The 14 different graphs of the energy E as function of «, which are shown in
Fig. 5, are all drawn for the same values of V and c as those of Fig. 4 but for L = 5.
The squared sections are now less emphasized compared to those of Fig. 4 and
they become flattened for the larger values of ¢ as seen in the curves at the lower
part of the figure. Also, compared to Fig. 4, each squared section is connected,
especially at the higher part of Fig. 5, to more than two points at which the energy
jumps discontinuously. From Figs. 4 and 5 and from the occurence of L? under the
tangent function in Eq. (14) one may realize that decreasing the value of L results
in a corresponding decrease of the height and width of the quasi-periodic squared
sections. This is clearly shown in Fig. 6 which shows 14 graphs of E as function
of « that are drawn under exactly the same conditions and the same values of V
and c as those of Figs. 4 and 5 except that now L assumes the rather small value
of L = 0.8. The quasi-periodic parts, which are no longer half squares, have been
considerably flattened to the degree of becoming almost horizontal lines as seen
clearly in the curves at the lower part of the figure.

Continuing to further decrease the parameter L results in widening the gaps
in the energy spectrum, that is, in finding no corresponding allowed energies for
entire ranges of the « axis. This is clearly shown in Fig. 7 which shows the form
of E as function of « for the same V = 15 and the same values of ¢ = 0.2 x n,
n=1,2,3,..., 14asthose of Figs. 1-6 butfor L = 0.278. As seen from the figure
the allowed energies are represented by vertical lines between £ = 5 and E = 15.
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Table I. The Table Shows the Allowed Energy E for Specific Values of « and for Both Cases of
E>VandE <V

K,C E>V E<V
For all « and small ¢ E constant for E ~ V E constant for E &~ %
k=Nm 62%4_% EZ%-F%
Kk =—Nm 62%4_% E:—%-{—%
N7 +x,k #+Nm, E:Nﬁf"+% %<E=N7zzﬂ+%<V

K # iw, c >3,
Nm tk,k #+Nm, (quasi-periodic, see text) (quasi-periodic, see text)

K #££EET 0 <0 <3,

Note. We may realize from the table that the allowed energies of the bounded multibarrier potential
depend critically upon the total length L and the ratio c. Thus, one may conclude that for certain values
of L and c there are no corresponding energies as discussed in details in Sections 3 and 4. Also, there
are no energies, especially, in the limits of very small L or ¢ (or both) for the E < V case and in the
limits of very large L or ¢ (or both) for the E > V case. By N we mean all the natural numbers and
zero (N =0,1,2,3,...).

These lines differ by their lengths which correspond to the different values of c. The
thick lines signify that several lines which correspond to different values of ¢ are
identical and are seen tangent to each other. Note also that the vertical lines tend to
be collected together (see, for example, the collection of the 14 lines at k &~ 20) and
this gathering is repeated almost periodically along the « axis where there exists
no energy between any two neighbouring quasi-periods. That is, the gaps between
the allowed energies are quasi-periodically repeated over the positive « axis and
do not vanish for any value of it. This result denotes, as will be shown in the next
section, that the bounded multibarrier potential is singular for this value of L.

In Table I we show the allowed energy E and its dependence upon k, L, ¢
and V for bothcasesof E > Vand E < V.

5. THE SINGULAR CHARACTER OF THE BOUNDED
MULTIBARRIER SYSTEM

We have seen in the former Sections 3 and 4 that the bounded multibarrier
potential have gaps associated with its energy spectrum which depend upon the
total length L of the system and the ratio c of its total interval to total width. We
also show that, unlike the band-gap structure of the infinite Kronig—Penney system
(Merzbacher, 1961) in which the gaps disappear for large values of the energy,
the remarked dependence here of the energy spectrum upon L and ¢ implied that
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for certain values of them the gaps do not disappear. This has been shown for the
E > V case in Section 3 and especially for E < V in Section 4 where we see that
there are no energies that satisfy £ < % (see inequality (23) and also Fig. 7 from
which we realize that there exist quasi-periodic gaps for small values of L). Now,
it is accepted in the literature (see, for example, Pearson, 1978; Avron et al., 1994)
that if the energy spectrum of any system have gaps which do not diminish for
either large values of the energy E or large « then the relevant system is considered
singular. We have shown in Sections 3 and 4 that not only the energy spectrum of
the bounded multibarrier potential have gaps which remain constant along the x
axis but that even for the parts of the epectrum which have bands there are points
at which the energy, as function of «, is discontinuous. These points are shown, for
bothcasesof E > V and E < V, to be associated with large L and small ¢ as seen
in the higher parts of Figs. 1, 2,4 and 5. Only at small L one may obtain energies
that change continuously with « and do not jump in a discontinuous manner (see
Figs. 3 and 6). Thus, the existence of the points at which the energy changes dis-
continuously with « together with the remarked nonvanishing gaps demonstrate
that the bounded multibarrier potential is singular. This may be corroborated by a
previously obtained result (Bar and Horwitz, 2002a,c) which shows that the trans-
mission probability of the bounded one-dimensional multibarrier is unity. That is,
the incoming wave function remains the same (preserved) after passing the dense
array of potential barriers (Bar and Horwitz, 2002a,c). Thus, the three properties
which are characterized in the literature (Grossmann et al., 1980; Pearson, 1978;
Avron et al., 1994; Demkov and Ostrovskii, 1988) as signs of singular systems
are all found also in the bounded multibarrier potential discussed here. These
properties are: (1) nonvanishing gaps, (2) the ability to pass all the barriers of the
system and (3) zero range potential for each barrier which arises here from the
fact that the bounded spatial length contains very large number of barriers. Thus,
we conclude that the dense array of potential barriers is also singular.

A singular behaviour of the energy spectrum is demonstrated also in what
is termed the singular point interaction § which is characterized by a periodic
array of identical short-range perturbations (Grossmann et al., 1980; Avron et al.,
1994; Demkov and Ostrovskii, 1988) like our system. The allowed bands resulting
from this § interaction are characterized (Avron et al., 1994) by an increasing, as
E grows, of the gap to band ratio. The difference between the periodic singular
interaction § and our system is that the length of the former is infinite (Avron et al.,
1994), whereas our system is bounded.

We note that infinite spatial length is also what characterizes many examples
of singular systems discussed in Pearson (1978), so the physical interpretation of
the singular continuity of these systems (see Pearson, 1978; Avron et al., 1994) is
connected to their infinity. That is, as written in Pearson (1978) ‘the particle will
be transmitted at least once through each barrier and then it will return again
to the initial point from which it has started.” Thus, for these infinite systems the



Band-Gap Structure and Singular Character 1299

singular continuity is characterized by complete reflection that follows a former
stage during which all the barriers are transmitted. This is so for the infinite systems
in which no kind of transmission is possible at all, but since the bounded system
admits transmission then the particle after passing all barriers finds itself outside
the system at the other side of it and not at its initial side. Thus, what characterizes
its singularity is complete transmission after the particle has been transmitted
through each barrier. This was clearly shown (Bar and Horwitz, 2002a,c), using
transfer matrix methods (Merzbacher, 1961; Tannoudji et al., 1977; Yu, 1990), for
the bounded system discussed here.

We, now, show this again by using the same analytical methods applied in
Avron et al. (1994) for showing complete reflection of the § system. That is, taking
into account the properties of the bounded multibarrier system and incorporating
them into the formalism of (Avron et al., 1994) we show that one obtains complete
transmission instead of complete reflection. The single change we introduce into
the formalism in Avron et al. (1994) is that of having to take into account that there
exists only one kind of interaction in the bounded multibarrier potential compared
to the multi-channels (Demkov and Ostrovskii, 1988) version of the $ interaction
discussed in Avron et al. (1994). That is, this $ interaction is characterized as being
composed from all possible kinds of interactions (elastic, inelastic, etc). Thus, the
physical system used in Avron et al. (1994) is an infinite sequence of onionlike
N channels scatterers, so that the reflection amplitude from any such scatterer is
given in Avron et al. (1994) by

R_ —N2+1
" N2 +42iNcotkl)+1°

(25)

where [ is the length of each scatterer (Avron et al., 1994) and k = |/ % The total

reflection character of this system is demonstrated (Avron et al., 1994) when the
length [ tends to zero and the number N of channels (different interactions) in each
scatterer becomes very much large. In these limits one may write (Avron ef al.,
1994) cot(kl) ~ % and the unity term in Eq. (25) may be discarded compared to
N2, Thus, denoting, as in (Avron et al., 1994), the product NI by § the reflection
amplitude from Equation (25) becomes (Avron et al., 1994) R = —(1 + %)_1.
When, as in (Avron et al., 1994), k — oo (and still kI < 1), the product Sk
satisfies, due to the large N, Bk = kNI — oo and the reflection amplitude tends
to —1 so that the reflection probability R? becomes R?> — 1. Now, taking into
account that for the single-channel multibarrier potential discussed here N is
unity we trivially obtain, when substituting N = 1 in Eq. (25), R = 0. Thus, from
the relation between the transmission 7' and the reflection R (Merzbacher, 1961)
T =1— R we learn that 7 = 1 as obtained from the transfer matrix method in
Bar and Horwitz (2002a,c). We show in the Appendix that if the total length of the
system is bounded then even if the interaction is of the multi-channel type, as in
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the $ interaction, one obtains zero value for the reflection R provided the number
of barriers n is much larger than the number N of channels. That is, if the total
length L satisfies L < oo and if n 3> N then R — 0 which means that T — 1.
In summary, we conclude that if the total length of the system is finite then
the singular character of the bounded dense array of either single or multi-channel
scatterers is affected through the complete transmission it demonstrates.

6. CONCLUDING REMARKS

We have found the allowed energies of the bounded one-dimensional multi-
barrier potential for both cases of E > V and E < V. These allowed energies
critically depend upon the values of the total length L of the system and the ratio ¢
of its total interval to total width. Thus, it has been shown that there are values of
L and ¢ for which there are no allowed energies. For example, it has been demon-
strated in Section 4 for the E < V case that the allowed energies are only those
from the range V > FE > % That is, for very small values of ¢ there exist no
energy for the bounded multibarrier system (see also the constant gaps in Fig. 7).

It has, also, been shown for both cases of E > V and E < V that for small
¢ and large (or intermediate) values of L the energy E have the form of quasi-
periodic half squares which are connected to each other by horizontal lines. The
points of connection of these half squares, as may be seen from the figures, are
points of discontinuity at which the energy can not be differentiated. For small
values of L these squared parts become shorter, narrower and more curved (see
Figs. 3 and 6) until they disappear for small enough L in which case the energy,
as function of «, resembles the form of either horizontal (or vertical lines for the
E < V case, see Fig. 7).

The remarked existence of gaps which do not disappear for certain values of
L and c, even for large «’s, implied that the spectrum of the bounded multibarrier
potential is singular. For example, it has been found for the E < V case and for very
small L that the allowed energies have the form of vertical lines with nonvanishing
gaps among them as seen in Fig. 7. These gaps are quasi-periodically repeated
along the « axis and do not vanish for any value of it. The constancy of gaps in
the energy spectrum of other physical systems, like the § mentioned in Section 5,
is interpreted in the literature (Avron et al., 1994) as resulting from the singularity
of the involved systems.

We note that the spectrum of the infinite Kronig—Penney periodic potential
is absolutely continuous (Carmona and Lacroix, 1990). In such infinite periodic
system one can not define, in contrast to bounded systems, any total length L or any
ratio c of its total interval to total width. That is, the gaps in their energy spectrum,
which do not depend on any such undefined L and ¢, can not be preserved, as in
the bounded potential, merely by taking some limit or other values of these L and
c. Thus, their spectrum is, as remarked, generally absolutely continuous (Carmona
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and Lacroix, 1990). There are, of course, the exceptional infinite periodic systems
(Pearson, 1978; Avron et al., 1994; Demkov and Ostrovskii, 1988) mentioned in
Section 5 which are characterized by nonvanishing gaps but for other reasons not
related at all to any L and c. The bounded multibarrier potential discussed here
allows one not only to define its total length L and the related ratio of its total
interval to total width but also to express the location of each barrier (Bar and
Horwitz, 2002a,b,c) and consequently the allowed energies in terms of L and c.
Thus, there may be found, as actually shown in Sections 3 and 4, specific values
of L and ¢ for which the gaps in the energy spectrum do not disappear even for
large values of E or (and) large «. Moreover, for large (and intermediate) L and
small ¢ the energy E, as function of «, of the bounded multibarrier potential have
been shown to have the form of quasi-periodic half squares which are jumpy and
discontinuous at their vertical sides (see Figs. 1, 2, 4 and 5). These discontinuities
in the energy become small and insignificant only when L decreases as may be seen
in Fig. 3 for the E > V case and in Fig. 6 for the £ < V one. When L becomes
very small the gaps in the energy spectrum becomes wider and are repeated along
the positive « axis as seen in Fig. 7.

In summary, we see that the bounded one-dimensional multibarrier potential
demonstrates through the discontinuities of E, the nonvanishing gaps in its energy
spectrum, its almost zero-range potential and its complete transmission that it is a
singular system.

APPENDIX

The Transmission for the Bounded One-Dimensional
Multi-Channelled Multibarrier Potential

We, now, discuss the case of the bounded one-dimensional multi-channelled
multibarrier potential system and show, using Eq. (25) and the relation R + T = 1,
that the transmission tends in this case to unity The length of each scatterer (barrier)
isnow !l = % where L, for the bounded system, signifies the total length of all the
scatterers (barriers), and is some finite number. n is the number of scatterers in
the bounded system and N is the number of channels in each scatterer where we
assume n 3> N. We assume in the following that N is large but small compared
to n which, actually, satisfies n — oo. Thus, denoting as before the product of the
length of each scatterer and N by S (so astohavenow [N = % = B) and using the

former approximations of cot(kl) &~ ; and N> 4+ 1 ~ N2, we may write Eq. (25) as

R —N?+1 _ =N*41
© N2+2iNcot (&) +1 _N2+%’2+1

(26)

%_—Nz=—<1+£>_l
v (14 ) kp
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Now, when k — oo (and still k/ = % <« 1 as for the analogous case of Eq.

(25)) we have now, dueton > N, k8 = 1% <« 1, and the reflection amplitude

goes to zero in contrast to the result obtained from Eq. (25). Thus, from the relation
between the reflection and transmission amplitudes 7 = 1 — R, we learn that T
goes to 1 as required. That is, we see that if the length of the sequence of scatterers
is finite and if it is dense enough so that the number of scatterers n is very large
then the transmission coefficient goes to 1 even for large number of channels N
in each scatterer.
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